New Lump-like Structures in Scalar-field Models 
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In this work we investigate lump-like solutions in models described by a single real scalar field. 
We start considering non-topological solutions with the usual lump-like form, and then we study 
other models, where the bell-shape profile may have varying amplitude and width, or develop a flat 
plateau at its top, or even induce a lump on top of another lump. We suggest possible applications 
where these exotic solutions might be used in several distinct branches of physics. 
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I. INTRODUCTION 

Defect structures are of great interest in physics in 
general. They are classical configurations of topologi- 
cal or non-topological profile, and have been the subject 




of many investigations both in high energ 
and in several other areas of physics 0, 
In relativistic field theory in general, the topological de- 
fects are linearly stable while the non-topological ones 
are unstable. 

Topological or kink-like defects are of interest in many 
different contexts, in particular in soft condensed matter, 
where they may appear as interfaces between distinct 
regions to contribute to pattern formation [alpj, in optics 
communications, as dark solitons in fibers |lCilll| and in 
cosmology, to induce the formation of structure in the 
early Universe [H, 0], and more recently to model dark 
energy [l^, [H[- They are also used in many different 
contexts in the brane world scenario involving a single 
extra dimension 0, [l5l.IT6l.ll7t. 

Non-topological or lump-like structures also appear in 
several contexts in physics. The non-topological pro- 
file is of the bell-shape form, as it is, for instance, the 
well-known soliton of the KdV equation Q ■ They are 
of current interest in soft condensed matter 0, [1, Q 
to describe, for instance, charge transport in diatomic 
chains [H, [H, H3, HH H3 , m optics communication, to 
describe bright solitons in fibers [l(| [Hj], and in high 
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|2j|, q-balls 

[29|, |3fJ, |31|, |32J, tachyon brane 

dark matter properties [3(| H3] • They can also be used to 
describe brane world scenarios with a single extra dimen- 
sion [H, [39[ , and we hope that the present investigations 
will provide a new route on the subject. 

In applications where the non-topological structures 
may play a role, they usually have standard bell-shape 
profile. However, the bell-shape solution may also ap- 
pear with exotic profile, and this has inspired us to study 
non-topological structures where the modified bell-shape 
profile appears as intrinsic feature of the system. The 
study has led us with interesting results, which we re- 
port in two distinct sections. In Sec. [IIJ we review the 
standard case. There we take advantage of the first-order 



formalism and we modify the usual procedure in order to 
offer a new method to study non-topological solutions. 
The existence of a first-order framework for lumps has 
importantly simplified the investigation on exotic solu- 
tions, and in Sec. [ITT] we further illustrate the procedure 
with three distinct generalizations, where we show how 
to get exotic modifications of the bell-shape profile. We 
end the work in Sec. IV, with some comments and con- 
clusions. 



II. THE FRAMEWORK 

Let us consider a single real scalar field in (1,1) space- 
time dimensions. The Lagrange density is given by 



V(<f>) 



(1) 



where V((j>) is the potential, x^ = (i, x) and a; M = (t, —x), 
and we work with dimensionless fields and coordinates. 
We suppose that the potential engenders a set of critical 
points, {0i, ...,4> n }, such that V'((f>i) = and V(4>i) = 
for i = 1,2,. The equation of motion which follows 
from the above model is 



d 2 (j> d 2 (j> dV () 
dt 2 dx 2 dS 



(2) 



We suppose that <j> = <p(x) is static field; thus, the equa- 
tion of motion leads to 



d 2 ^ 
dx 2 



(3) 



where the prime stands for derivative with respect to the 
argument. We integrate the equation of motion ([3]) to 
get 



dx 



±V2U + c 



(4) 



where c is a real constant. 

We are searching for defect structures, and the energy 
density of the static solutions <p = 4>(x) is given by 



1 

£= 2 



(5) 
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It is the addition of two portions, known as the gradi- 
ent and potential contributions, respectively. Thus, the 
static solutions have to obey the boundary conditions 



lim — 

:^±oo d,X 







(6) 



in order to ensure finiteness of the gradient portion of the 
energy. 

The presence of the set of critical points allows to dis- 
tinguish two kinds of defect structures: there may be 
topological or kink-like structures, which in general con- 
nect two distinct but adjacent critical points, and 4>i+i 
with the boundary conditions 



lim 4>(x) 

; — >±oc 



& lim 4>( x ) 

X — S-^OO 



•H+l 



(7) 



and non-topological or lump-like structures, which in 
general requires a single critical point, with the boundary 
conditions 



lim <fi(x) 

x— »±oo 



(8) 



These boundary conditions imply that c in (j4|) should 
vanish, as a necessary condition for the presence of finite 
energy solutions, leading to 



dx 



(9) 



There are two first-order equations in ©, and they 
should be considered with care. The general issue is 
that the topological or kink-like solutions are monotonic 
functions of x, so the derivative does not change sign 
and in ^ each sign identifies one equation. These two 
equations lead to two distinct solutions, which we name 
kink and anti-kink, respectively. We recall that nam- 
ing kink or anti-kink is a matter of convention, and we 
use kink and anti-kink for positive and negative sign, 
respectively. However, the non-topological or lump-like 
solutions are trickier, because they are not monotonic. 
In fact, their first derivatives change sign at some arbi- 
trary point which we name xq, the center of the solution. 
Due to the translational invariance of the theory we take 
xq = 0, for simplicity. Thus, the derivative of the lump- 
like solutions change sign at x = 0, and so we have to 
understand the above equations © as 



-f - = V2V for x > & -f- 

dx dx 



and / or 



dx 



<2V for x > & -- 

dx 



<ZV for x < (10) 



/ 2Vfotx<0 (11) 



The presence of the and/or connection between the above 
pairs of equations can be understood with the help of 
the reflection symmetry: the two pairs of equations are 
required when the model engenders reflection symmetry; 



otherwise, we will only need a single pair of equations - 
see below for further comments on this issue. 

The fact that the kink-like solutions are monotonic 
functions induces an important feature to the topo- 
logical structures: in the study of stability, we know 
that the derivative of the defect structure represents the 
zero mode of the related quantum-mechanical problem; 
thus, because the topological structures are monotonic, 
the zero-modes are necessarily node-less, and so the 
quantum-mechanical problem admits no negative bound 
states, making the topological structures stable. The case 
of non-topological or lump- like structures is different: the 
quantum mechanical problem engenders zero-mode with 
a node at the center of the structure, showing that there 
is at least one bound state with negative energy, which 
induces instability. 

The topological or kink-like structures are protected 
against instability, and this may be translated into a very 
interesting feature: we suppose that the potential can be 
written in terms of another function, W = W(<fr), in a 
way such that 



v(4>) 



- I ( dw \ 2 _ I 

~ 2 \ dV 



(12) 



and the two first-order equations ^ can be written as 

ir., .v — -.-w^ (13) 



dej) 

dx 



dx 



for the kink and anti-kink, respectively. In this case, the 
energy can be written as 



E k 



ink 



\W(<j>(oc)) - W(0(-oo))| 



(14) 



The form of the potential (fT2"|) is very interesting. Be- 
sides the simplicity of the energy calculation which we 
have just shown, it also leads to two other important 
results. The first one is that if we couple the scalar 
field with fermions, we can choose the Yukawa coupling 
as W^. This induces degeneracy between boson and 
fermion masses, a necessary condition to make the model 
super-symmetric [4(| - see [4l| for an explicitly solv- 
able model. The behavior of W ( j >( j > (<p(x)), calculated at 
the static topological solution 4>(x), is then directly con- 
nected with the presence of super-symmetry in the topo- 
logical sector of the model. The second result is related 
to stability. In the study of classical or linear stability 
one usually obtains the Schroedinger-like Hamiltonian 



H 



dx 2 



+ U(x): U(x) = 



d 2 V 



(15) 



In the topological sector, U(x) is the second derivative 
of the potential, calculated at <\> = 4>(x), that is, at the 
classical static solution. However, for the potential (pi 
we get 



u(x) = wh + w 4 



(16) 
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Thus, linear stability of the topological solution is also 
connected with the behavior of at the topological 
sector where <j> = 4>(x). This is better seen as follows: 
for solutions which solve the first-order equations (fTB")) . 
we can use the Hamiltonian (| 1 5[) to write the expression 
H = S^S, where the first-order operators S' and S are 
given by = ±d/dx + W^, and S — ^fd/dx + W<p<p, for 
kink (upper sign) and anti-kink (lower sign), according 
to the above conventions. Thus, H is non-negative and 
this proves that the system supports no bound state with 
negative eigenvalue. 

This is not possible for non-topological or lump- like so- 
lutions in general. However, we can change this scenario, 
changing the way we investigate lump-like solutions. To 
do this we first recognize that the lump-like structure is 
monotonic for x positive, and for x negative, separately. 
Thus, for x positive or for x negative the non-topological 
profile is similar to the topological one, and so we can 
use symmetry arguments to introduce W = W(<f>) for 
non-topological solutions, with the understanding that 
the equations are now changed to 

4- = W& for x > & 4- = ~ w 4> fo«<0 (17) 
dx dx 

and / or 

4 = -Wa, for x > & 4 = Wa for x < (18) 
dx dx 

In this case, the energy associated with the lump-like 
solutions has the form 

Ei = |W(^(oo))-W(0(O))| + |W(0(O))-W(0(-oo))| 
= 2\W(4>(oo))-W(4>(0))\ 

= 2\W(4>(0)) - W(<K-oo))\ (19) 

We call this the first-order framework for non-topological 
or lump-like structures. It has two important advantages 
over the usual calculation: the first is that it allows to 
obtain the energy in a simple and direct manner, which 
does not depend of the explicit form of the solutions, as 
it is required in the usual case; the second advantage is 
that one has to deal with first-order equations, instead 
of the second order equations of motion. 

However, the non-topological solutions are in general 
unstable, so we have to investigate how this appears in 
the above framework. The issue is directly related to 
W^0, which appears in the investigation of stability. In 
general, W<j><p is divergent at the center of the lump-like 
structure. Thus, if one tries to add fcrmion to construct 
super-symmetric extension of the model, the divergence 
of makes the fermion mass ill-defined at the center 
of the lump-like structure. The argument which shows 
the divergence of at the center of the solution can 
be constructed as follows: from the first-order formalism, 
the zero mode t]q(x) has to obey 

Hvo) = W u (20) 



If the zero mode has a node at the center of the solu- 
tion, it has to change sign at that point, and so the log- 
arithm cannot be continuous there, necessarily inducing 
a divergence in at the center of the non topological 
structure. 

With this first-order framework at hand, let us now 
illustrate how it works, explicitly investigating some 
known examples. Firstly, we consider the </> 3 model, 
which is described by the potential 

V(0) =20 2 (l-0) (21) 

which is plotted in Fig. 1. The local maximum is at 
fimax = 2/3. This potential breaks the reflection symme- 
try 4> — > —(f>. However, we can introduce another model, 
with the potential V{<f>) = 2</> 2 (l + <j>), which can be seen 
as a partner model, connected by the reflection symme- 
try. 




FIG. 1: Plots of the potential (1 2 1 p (upper panel), the lump- 
like solution (|23p (middle panel) and the energy density (|23p 
(lower panel) for the 4> 3 model. 

We can use the potential (l2l"j) to get 

VF = 2(t>y/l - 4> (22) 

and the square root of 1 — <f> may induce error for <f> > 1, 
the region where the potential (f2"Tj) is negative. How- 



ever, this model has lump-like solution and energy den- 
sity given by 

<j>(x) = sech 2 (x); p(x) = 3sech 4 (x) — 3sech 6 (a;) (23) 

The amplitude and width of the non-topological bell- 
shaped solution are defined as: A = 1 0(0) — 0(oo)| and 
L = 2\l\, where I is such that (f)(1) = A/2. For the 3 
model we get A3 — 1 and L3 = 2 arcsech(\/2/2). 

The lump-like solution ([23]) is positive and spans the 
interval [0, 1], never going to the region where the poten- 
tial is negative. This means that the equations 



dx 
dcp 

dx 



2<f>y/l - 0; x < 



-20V 1 - 0; x > ° 



(24a) 
(24b) 



makes sense and may be used to respond for the lump-like 
solution. The other pair of equations describe the lump- 
like solution of the partner model, which is connected 
with the above one by changing — > —0. 

The model under investigation leads us to the expres- 
sion 



IF(0) = -(2 + 30)(l-0) 3 / 2 
15 



(25) 



Since W(0) = 8/15 and W(l) = 0, we get from that 
the energy of the lump-like solution is 16/15. Note that 
this is the same value we get integrating the energy den- 
sity using the explicit solution. To illustrate the model, 
in Fig. 1 we plot the potential, lump-like solution and the 
corresponding energy density. 

We see that W<m = (2 - 30)(1 - 0)~ 1/2 . Thus, the 
potential (JTBJ) of the Schroedinger-like Hamiltonian (|T5|) 
in this case is divergent at x — > 0, making the factoriza- 
tion in terms of S and S' ill-defined at the center of the 
lump- like structure. 

Another example is the inverted model described 
by the potential 



V(0) = ^0 2 (l-0 2 ) 



(26) 



This potential presents reflection symmetry, so it sup- 
ports two distinct solutions, which are connected by the 
symmetry — >■ — 0. In this case we have 



W4 = <h/i - 2 

and the first-order equations 
dcp 



(27) 



7 = _0yr^ ; x>0 & 7 = 0^ 

ax ax 



and 



dx 



b 2 ] x < 
(28) 



0V1 - 2 ; x > & 



dx 



-0Vi -0 2 ; x < 

(29) 



lead us to the solutions and energy density 

0(x) = ±sech(x); p(x) — sech 2 (x) — sech 4 (a;) (30) 
We use (HH to get 



WW = -0 2 ) 3 / 2 



(31) 



/--X V(o) 
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FIG. 2: Plots of the potential (|26p (upper panel), lump- like 
solutions (|30|l (middle panel) and energy density (|30p (lower 
panel) for the inverted 4 model. 

We see that W(Q) = -1/3 and IF(1) = 0, and so the 
energy of the lump-like solution is E = 2/3. In Fig. 2 
we plot the potential, lump-like solutions and the cor- 
responding energy density. The maxima of the poten- 
tial are located at <bmax — ±V2/2. The amplitude and 
width of the above lump-like solutions are A4 = 1 and 
L4 = 2 arcsech(l/2). For the inverted 4 model we see 
that 

20 2 



W M = 



1 



(1-0 2 )V2 



(32) 



and the issue of instability is similar to the former case: 
the potential (fTB]) of the Schroedinger-like Hamiltonian 
(I15p is divergent at x — > in the present case, making 
the factorization in terms of S and S' ill-defined at the 
center of the lump-like structure. 
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III. MODIFIED MODELS 



of the potential are located at 



We now focus attention on new models, which support 
a diversity of lump-like solutions. The models that we 
consider are modifications of standard models, and we 
study three distinct possibilities below. Here we notice 
that the new models are all described by a very small set 
of parameters. 



A. The modified inverted 

We consider the modified inverted 4 
by the potential 

V = ±4?(\ + cp){a~q 



model 



model described 



(33) 



where a is positive parameter. This new model is de- 
scribed by the single parameter a, which nicely controls 
the profile of the non-topological solutions. For a = 1 it 
reduces to the symmetric inverted <?!> 4 model introduced 
in [42| . Here we can also use the reflection symmetry to 
construct another potential; this partner model can be 
solved in the same way we did for the 4> 3 and inverted 4> 4 
models, so we will not comment on this anymore. 
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FIG. 3: Plots of the potential (133[l (upper panel) and the lump 
solutions (|35[) (lower panel). The values of the parameter are 
a = 0.5 (solid line), a = 1 (dashed line), and a — 1.3 (dash- 
dotted line). 

The above potential has three zeros, one at (f> = 0, 
which is the local minimum with d 2 V/d(j) 2 — a, and two 
others, at 4>i — ~ 1 an d at 4> a = a. In Fig. 3 we plot the 
potential for some values of the parameter. The maxima 



^max 



-f(a- 1)± i(9 + 14a + 9a 2 )5 (34) 
8 8 



We can use (|17l) and (fl8|) to obtain the lump-like so- 
lutions 



4>a(x) 



2(1 



1 — a — (1 + a) cosh( v / aa;) 
2a 

1 — a + (1 + a) cosh( v / aa;) 



(35a) 
(35b) 



The subscripts 1 and a are related with the two sec- 
tors of the potential. They reduce to the lumps (j)( x ) — 
± sech(x), for a = 1. The lump cf>i have the maximum 
</>i(0) = —1 and <p a in </f> a (0) = a. Both lumps have 
asymptotic values </> (±oo)) = </>t,(±oo)) = 0. In Fig. 3, 
we show the lump-like solutions. These lumps have stan- 
dard bell-shape profile: the §\ solutions have constant 
amplitude and varying width, and the </> a solutions have 
varying amplitude and width. The corresponding energy 
densities are given by 



Pa(x) 



4a 3 (1 + a) 2 sinh 2 ( v / ax) 
(1 — a — (1 + a) cosh(y / a x)) 

4a 3 (l + a) 2 sinh 2 (Va^) 
(1 — a + (1 + a) cos^t/Ex)) 



(36a) 
(36b) 



which are plotted in Fig. 4. The energies E\ and E a 
corresponding to the above densities are given by 



E„ 



§<•- 



a)(l + 
-o)(l 



^E a 

' arctan Ufa) 



^(3 



2a + 3a 2 



(37a) 



(37b) 



We can check that the limit a — ► 1 sends both E\ and E a 
to the same value 2/3, as it is shown in Fig. 4. The above 
lump-like solutions have amplitude and width given by 
{2/y/a) arccosh[(l — 5a)/(l + a)], and 
(2/y/a) arccosh[(3 + a)/(l + a)]. Here 
we notice that the limit a — > 1 changes 



A\i = 1 and L x u 
A a u = a and 



A\ t and 



— > L\ i: as expected. 
For this model defined by the potential (|33[) we can 
write 



W = —(a + l) 2 (a - l)arctan 
16 



2(f> 



1 



+ 



12 



2G^(0) 
(a-1) 2 a 
8 3 



(38) 



where G((f>) = a + (a — 1)0 — (f) 2 . It leads to the energies 
Ei and E a given by (|37a[) and (|37b[) , respectively. 

The case with a —> is special. The minimum at <f> = 
becomes an inflection point and the potential changes to 



V{4>) 



i 



3 (i 



(39) 
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FIG. 4: Plots of the energy densities of the lump solutions 
4>i (|35|) (upper panel) and (f> a l|35b|) (middle panel), for the 
values of the parameter a = 0.5 (solid line), a = 1 (dashed 
line), and a = 1.3 (dash-dotted line). The lower panel shows 
the energies E\ in (|37a[) (solid line) and E a in (|37b|) (dashed 
line), as functions of the parameter a. 



The lump-like solution has the form 
4>{x) = 



and the energy density is 



p{x) 



64x 2 



{x 2 + 4) 4 



(40) 



(41) 



The total energy of the solution is given by E = ir/8. 
In Fig. 5 we plot the potential (|39p to illustrate how it 
accommodates the inflection point. In Ref. [42j we have 
constructed a model with kink-like solutions connecting 
two inflection points of the potential, and now we just 
constructed a model which supports lump-like solution 
with a single inflection point. As fas as we can see, this 
is the first time one construct such a solution. 



B. The modified 4 model 

Here we consider a model that presents large lump-like 
solutions described by a polynomial potential in <f> up to 




FIG. 5: Plot of the potential (J33J) in the limit a 
the presence of an inflection point at <f> — 0. 



0, showing 



fourth order, given by 

V(cf>) = 24? ( 



b) u 



(42) 



with the real parameters b > and c > 1. In the case 
c = 1 we obtain the 4> A model. This potential has three 
zeros for <fi = (a local minimum), <fi = b and 4> = b/c. 
There is a lump solution starting and ending at (j) = 0, 
in the sector < (j) < b/c, given by 



(x) = 



1 + (1 - c) sinh 2 



(43) 



For c — > 1 the lump width increases indefinitely. We can 
examine this feature in the simpler scenario, where we 
choose b — tanh(a) and c = tanh 2 (a); in this case the 
potential (|4"2"|) takes the form 

V{4>) = 2<j) 2 {4> - tanh(a)) (0 - coth(a)) (44) 

It is now described by the single parameter a > 0, which 
nicely controls the profile of the non-topological solu- 
tions. We see that the limit a — > oo leads us back to 
the (j) 4 model: the redefinition (j) = (x + l)/2 gives 



1 



(45) 



which is the limit for a — ► oo of the potential (|42)l . We 
notice that in Fig. [S] the value of the potential at the 
positive minimum is always negative, getting to zero in 
the limit a — > oo. 

The potential above has three critical points, one at 
4>q = and 



3 1 / 

Knax = -coth(2a) - -W9coth 2 (2a) - 8 (46a) 



4 
3 

t>min = -coth(2a) 



9coth 2 (2a)-8 (46b) 



The first point is a minimum, with V(0) = and 
d 2 V/d(f> 2 (0) — 2. The other two points depend on a, and 
for a very large they become 4> m ax ~ (1/2) — 3exp(— 4a) 
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FIG. 6: Plots of the potential (144 \ (upper panel) and the 
corresponding lump-like solution (lower panel) for a = 0.75, 
a — 1, and a = 4, with solid, dashed, and dot-dashed lines, 
respectively. 




FIG. 7: Plots of the lump- like solution for a = 4, a — 6, a — 8, 
a = 10 and a = 12, to illustrate that the width of the solution 
increases almost uniformly with increasing a. 



and 4>min ~ 1 + 6exp(— 4a), going to 1/2 and 1 in the 
limit a — > oo, respectively. The value of the potential 
at the maximum <p max is always positive for a € [0, oo), 
but at the minimum <p m i n it is always negative, getting 
to zero asymptotically. This means that V(<j>) has to 
cross the zero for (f> somewhere in between (j) max and 
4>mini which we name (frback = tanh(a). Thus, we will ever 
find a non-topological lump-like solution, which starts at 
the minimum (f>Q — and returns to it after reaching 
4>back = tanh(a). 



The lump-like solution centered at xo = is given by 
(f)(x) — — (tanh(a; + a) — tanh(ai — a)) , (47) 

which can be seem as the addition of a kink at Xq = — a 
and an anti-kink at io = Although the addition of 
kink and anti-kink is sometimes used in the literature, we 
remind that here this possibility appears very naturally, 
as a lump- like solution of the model (|44|) . The amplitude 
and width of the solution are A^ m = tanh(a) and 



= 2 arcsech 



1 — tanh(a) 



(2 - tanh (a)) tanh(a) 



(48) 



For a very large, we get L^ m w 2a + ln(2) + 2e~ , so it 
is a little larger then the distance between two kinks, one 
at x = —a and the other at x — a. The maximum of the 
lump is <pback = tanh(a), which occurs at x — 0, and so 
it approaches the unit as a increases indefinitely. If wc 
rewrite the lump-like solution in the form 



tanh(a) sech 2 (a;) 
1 — tanh 2 (a) tanh 2 (x) 



(49) 



we see that for a very small it becomes <f> = asech(x) 2 , 
which is similar to the solution found in the cf> 3 model, so 
it solves the model 



V{<t>) = 20 2 1 - £ 
a 



(50) 



As a bonus of the above description, we see that the 
width of the lump increases for increasing a, depicting a 
flat plateau around its maximum. The usual bell-shape 
profile of the lump-like solution then changes to a dif- 
ferent profile, with the bell shape developing a plateau 
at its top. This form is unusual and we believe it could 
perhaps be used in applications where the bell-shape so- 
lution finds some utility. This fact will be explored else- 
where. 

We see that the width of the plateau at the top of the 
hill increases with a increasing. The energy density gets 
two maxima, at the values — a e +a, and for a very large 
the two hills disconnect. The analytic expression for the 
energy density is 

1 2 
p(x) = — [tanh 2 (a; + a) — tanh 2 (a; — a)] (51) 



and the energy is 



E 



— OO 

OO 



dy -sech(y) 4 



-2 / dy -sech(y - a) 2 sech(y + a) 2 (52) 

J —oo ^ 

In the above expression for the energy, the first integral 
does not depend on a; it gives the sum of the energies 
corresponding to each of of the two kinks. The second 
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term depends on a, and it is always lower then the first 
integral, reaching the same value for a = 0. We calculate 
the integrals to get 

2 

E= - - 2cossech 2 (2a)(2acoth(2a) - l) (53) 

It is zero for a = 0, and it goes to 2/3 for a — ► oo. In this 
case W(4>) is given by 



-A 



v i) V g *w+ i -t+ 




where G(<f>) = 1 — Acj) + 4> 2 , and A = tanh(a) + coth(a). 
It can be used to obtain the above value of the energy. 




described by the two parameters a and p, which control 
interesting new features of the non-topological solutions. 
For a — and p — 1 the model reduces to the <f> 3 model 
described before in ([2T]) . This potential has three zeros, 
two of then being local minima, at 4>o — and <p\ = — a p , 
and one at <p2 = (1 — a) p . Here we have the lump-like 
solutions 

<f>(x) — (sech 2 (ir) — a) P (56) 

and the corresponding energy densities 

p(x) = 4p 2 sech 4 (izi) tanh 2 (x)(sech 2 (a;) - af p ~ 2 (57) 

In Fig. © we plot the potentials and the related solutions 
and energy densities for p = 3, and a = 0.554 and 0.70. 
The maxima of the potential are located at 

± (Ah±Aap-a-2pY 



^max 



2(2p+l) 



where A = Ap 2 + 9a 2 — Aap — 4a. 

The corresponding lump-like solutions are special. We 
see that their energy densities develop four maxima, in- 
stead of the two maxima that usually appear in the stan- 
dard case. In fact, they are similar to the 2-kink solutions 
found before in [43|], so we name then 2-lump. The profile 
of the 2-lump solutions is unusual; it seems to be a lump 
on top of another lump. It has a maximum at x = 0, 
goes to zero at ±(1 — a) p , and gets to the value — a p at 
the limits x — * ±oo. 

The amplitude and width of these solutions are given 
by A^m = a p + (1 — a) p and L^ m = arcsechy^, where 



FIG. 8: Plots of the energy density (|51[) (upper panel) for 
a — 0.75 (solid line), a — 1 (dashed line) and a = 4 (dot- 
dashed line), and the energy (|53|) (lower panel) as a function 
of a. 



C. The modified d> model 



We also consider the model described by the potential 



V(4>) = 2p 2 (j) 2 ^p l\- a -<i>$) (a + 



(55) 



where a and p are positive parameters, with a S [0, 1] 
and p = 1, 3, 5, is an odd integer. This new model is 



1 

1 - - 

a 



(59) 



Since the 2-lump solution is a kind of composite solution, 
we can also introduce amplitude and width for the top 
and bottom lumps separately: they are given by A\ m = 
arcsech-y/ot, and A\ m = a p and 
arcsech^/Ti^, with a t = 2" 1 / p + o(l - 2" 1 / p ) and 
a b = a(l + 2-Vf). 

We do not show W(<p) in general since it is an awkward 
expression. But we can make p = 3 to obtain 



(1 - of and L| m 

4m 
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1 



W 3 = --a[a 2 + - aresin 0-^ +^(0)01(0) (60) 



where 



F 8 (0) = A + Bcj)i + Ccpi + (a 2 - y 



and 



+ |(a 2 -3)^-ya0l + ^ 2 (61) 



3 6 6 4 741 2 24 , . 

A = 35° " 7' - WO' - 35 ^ 
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The case a = 1 is interesting. The potential changes 



V(o) 



-3 


/ 


<t>M 

\ 


3 X 


/ / 
/ 1 


i 

I 






/ 

/ 

/ 

/ 

y 


-0.2 


\ 






pi (I 



FIG. 9: Plots of the potential J55J for p = 3 and a = 0.554 
(upper panel) and a = 0.70 (middle panel, upper side), and 
the related 2-lump solution (middle panel, lower side) and the 
corresponding energy density (lower panel). 



and 



G 3 (4>) = l-a 2 + 24> 
In this case the energy becomes 
2048 4096 



(63) 



E 3 (a) 



1001 



385 



768 2 768 , 48 4 

a 2 a 3 + —a 4 (64) 

35 35 5 V ' 



It is of the fourth degree in a, and we can show that in 
general the energy for p arbitrary is of the 2(p—l) degree 
in a. For p = 3, the minimum value of the energy is 0.060, 
and it occurs at a — 0.554. For p = 5, the minimum is 
0.004 and occurs at a = 0.538. 



to 



v{<t>) = ~2 P 2 (f> 2 +<f>&y 

and the lump-like solution (|56p becomes 
4>(x) = — tanh 2p (a;) 



(65) 



(66) 



It has amplitude and width given by A\ m = 1/2 and 
L\ m = 2 arctanh(l/2) 1 / 2p . It is a special case which was 
investigated before in [43[ . Here the energy is given by 

lQp 2 



E P (1) = 



16p 2 



1 



(67) 



This solution has a plateau which increases with p, and 
in the limit p — > oo the energy goes to 1. 



IV. ENDING COMMENTS 

In this work we have studied several models which sup- 
port lump-like solutions of distinct profiles, not present in 
the related literature. We started the investigations with 
the general formalism, and there we have built a first- 
order framework to study non-topological or lump-like 
defect structures. This extension is interesting, since it 
leads to first-order differential equations which are some- 
how easier to solve. As a bonus, it also furnishes a simple 
and direct way to obtain the energy of the corresponding 
solution. 

The first-order framework for non topological or lump- 
like solutions has inspired us to investigate other more 
complex models. We have introduced three distinct 
classes of models, from which we could obtain several 
lump-like solutions. Some of these new solutions are 
characterized by having varying amplitude and width, 
others have appeared with the usual bell-shape form 
changed to engender a flat plateau on its top or to 
give rise to a bell-shape solution on top of another bell- 
shape structure. The present investigations add several 
results to the somehow hard subject of proposing new 
models and finding explicit analytical solutions of non- 
topological profile. The next steps can follow two dis- 
tinct routes: one concerning further generalizations of 
the above scenario, changing the discrete symmetry to a 
continuum symmetry, making it global or local, Abelian 
or non- Abelian, with the inclusion of complex scalars and 
gauge fields; another route relies on the use of the above 
results to study applications of specific interest in diverse 
areas of non-linear science. These and other issues are 
presently under consideration, and we hope to report on 
them in the near future. 

We would like to thank CAPES, CNPq, and MCT- 
CNPq-FAPESQ for partial financial support. 
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